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Context / applications:

» Quantum field theory: classification of candidate countert-
erms and anomalies; " algebraic renormalization”

» Classical field theory: classification of conservation laws and
consistent deformations

Outline:
» Supersymmetry algebra cohomology (SAQC)

» Descent equations

» Elimination of trivial pairs

» Emergence of SAC in local BRST cohomology
» SUSY ladder equations

» Example in D=2
>

Comparision to Lie algebra cohomology



Supersymmetry algebra cohomology (SAC)

Supersymmetry (SUSY) algebra, represented on ‘“generalized tensors’ T

[Pa, P,]=0, [P.,,Q.]1=0, {Q}, Q%} — MY (rac—l)g@Pa
SUSY differential:

: .. B I6; 0
Ssusy — c Py + f%QZg - %MU (raC 1)g§ figfj@, (Ssusy)2 =0
c*. anticommuting translation ghosts, a=1,...,D

¢ commuting SUSY ghosts, a =1,...,20/2 i=1... N

SAC:
kernel of ssysy in €2

H —
(ssusy) image of ssuysy in €2

Representatives of SAC:

ssusyw =0, w~w—+ssusyn, w,n €2

Q: space of polynomials w(c, &,T) or similar



Descent equations

Local BRST-cohomology H(s|d), descent equations:

O )
O

SWpn —|— de—l
Swp-1tdwp_2

D
o (s+d)o=0, o= ) wp
p=m

sSwm = 0 |

In general: descent is trivial, ascent is generally obstructed
= generally, the relation of H(s) and H(s|d) is subtle, H(s) and H(s+ d)
differ substantially.

In standard supersymmetric field theories (when s contains SUSY):
the relation between H(s), H(s|d) and H(s + d) is direct. In particular:

sw=0 = (s+d)&=0 with & = w(c® — "+ dz%)

Reason: s =c% g+ ..., (s+d) = (c*+ dz®) dq + . ..
= H(s) contains all relevant information on H(s|d).
H(ssusy) contributes to H(s) and thus also directly to H(s|d).



Elimination of trivial pairs

Useful method to analyse the Iocal BRST cohomology:
construction of variables !, v¢, w! s.t.

s+du =vt (= s+t =0), G+d)w =ri(w
This implies, with F = {f(u,v,w)}, Fuo ={f(u,v)}, Fuw={f(w)}:
H(s+d,F)=H(s+d, Fuv) X H(s +d, Fw)
Usually (at least locally):
H(s+d, Fuy) K (=RorC) = H(s+d,F)~H(s+d, Fu)
Typically:

{u'} = {Ap, ¢*, ... }

W ={0.C4+ -, ¢+ .
{w!} = {T4,EN} with TAzTA+..., cN — oN 4 ..
with
(S—|—d)A’u:8MC_|_...’ (S—|—d)gb* _I_

cb
(s+d) T =CNanT, (s+d)CN = 10K CEF N (D),

(A, Al = FrN(T Ay



Emergence of SAC in local BRST cohomology
SAC arises within the linearized problem H(s(o),]-"w) corresponding to
~ ~ O ~ ~ ~ ~
sOTA=cNAQITA SO EN = L16KEEf N,

AQ, AP, = £ VA (£, N = constant)

» SAC always emerges in this way within the local BRST cohomologi-
cal analysis of standard supersymmetric field theories,

e both for global and local SUSY

e whether or not the algebra of SUSY transformations closes off-
shell and/or modulo (other) gauge transformations

» Existence proof for variables T: FB, Lett. Math. Phys. 55 (2001)
149 [arXivimath-ph/0103006]

» If the antifields are not eliminated as members of trivial pairs, the
SAC arises as a "weak cohomology” (cohomology on-shell)



SUSY ladder equations

Strategy to compute SAC:
Decomposition in c-degree N. (= degree in the translation ghosts)

ssusy = dc + d¢ + sgn
%
de=c"Pa, dg = E8Ql, sgn = —% M (FC™ 1) 58]

@a

w = Z wp, Ncwpzpwp

SUSY ladder equations:

(0 = sghw™

0 =de¢w™ 4 sghw™ m+1

ssusyw =0 & { 0=dcwP + dewPT! 4 sgpwPT2 for m <p < M — 2
0 =dewM ™1 4 d¢ wM

| 0=d.wM

Compute H (sgp,) (7 primitive elements” of SAC) and use the result
to compute H (sgusy) (spectral sequence technique)

Remark: analysis of the ladder eqgs. is nontrivial only in c-degrees where
H(syp) does not vanish; typically (always?) these c-degrees are < D/2.



Example in D = 2

SUSY algebra in D = 2 for Minkowski signature (-1,1),
M =_ioy, M =0, C=0y, MY=—ié¥,
(Q1,Q2) = (Q4+,Q-) (two real Majorana-Weyl SUSYSs):

Q)2 =-5(PL+P), (Q)*=45(PL—P2), {Q1,Q-}=0
Lagrangian for real boson ¢ and fermion (i1,v2) = (¢Y4,¥_):
L = —51"0up dyp — i*(TC 1) o3 0atp?
= 5(019)% = 5 (820)” +iv_(81 + 02)p— — 19101 — )P4
The action [dzldxz? L is invariant under the symmetry transformations
0ap = Oap, O0a¥Pa = Oa¥a, Oap = Yo, 5041% — =5 (raC 1)a5 Oatp
St =1y, dphy = —5(01 + 92)p, 6_th— = 5(81 — 2)p, d4thpx =0
SUSY algebra holds only on-shell, e.g.:

(64)%¢— = 0~ —5 (91 + 99—



(Extended) BRST transformations for the example

s = c"ap+ EThy +E P
spg = Oay — 56T o+ 3R — gETETYr
s = a5 & O_p+ z ETETYE — 2Ty
s@* = —040_¢ + 0ap* — SETOLYE + L€ 0_yF
sPl =200ty + Ou + "
sPE = —20019_ + Pt + £ "

scT = i£+f+
sc = —i& &
s¢f =0

where ¢*, @bj_, y* are the antifields to ¢, ¥4, ¥_ and
0L =01+ 085, ct =cl +c2, 9y = cld] + 26, = %(c+8_|_ +c 0_)
On all fields and antifields:

2 =0



Appropriate variables for computing H (s)

" Trivial pairs”: BRST-doublets {uf, v} with vf = sut:

{u'} = {9 p*, o YL, O™y |m,n=0,1,2,...}
s * = =0T T o +

sOMOT YL = 21T Ty, + ...

soTomyt = —2i97 oy + ..

where 8_"}} = 8_|_ . 8_|_ etc

" Nontrivial variables” {w!/} = {c¢t, ¢™, ¢1, ¢, T4} with sw! = rl(w):

{T4 = {#(0,0): P(m+1.0): LOm+1)> Yo+ (m,0)> ¥—(0.m) | =0,1,2,...}
©0,0) = ¥

Pm+1,0) = 0L (O — %G_Wi + %0_90*)

Poma1) =0"(O_p+ $ETPE — ST ")

Vi (mo) = OF (g — g YL)

V_(om) = 0T (b 4+ fcTYr)



BRST transformations of the T2 and SUSY algebra

sTA=ssusy T = G ctPL+LicPo+¢TQy +e Q)T

T 200 | Pm+1,0) | POm+1) | Y+@mo) | Y- (0.m)
PrT7 ] 0(1.0) | P(m+20) 0 Y-+ (m+1,0) 0
P_T.A ©(0.,1) 0 ©(0,m+2) 0 Y_(0,m41)
Q+TA Y1(0,0) | Y4 (m41,0) 0 —25 P (m+1,0) 9
QT4 ¢_(o,o) 0 w—(O,m—l—l) 0 %SO(O,m—I—l)

with P = Py + P,. SUSY algebra:
[Py, P_] = [Py, Q4] = [Pf, Q-1=I[FP-,Qy]=[P-,Q-]=0,
(Q+)2:_%P—|—7 (Q—)QZ%P—7 {Q—|—>Q—}:O

Notice: P, and P_ map half of the generalized tensors P(m41,0)
©0,m+1) me,O), w—(o,m) to zero respectively and correspond to the

action of 94 and o_ on-shell (owing to 94 (0-)"T1p ~ 0 etc)




Computation and result of H(s)

1. The trivial pairs drop from H(s): H(s) ~ H(ssusy)
2. Computation of H(sgn). Result:

sgn f(6,©) =0 & fle,&) ~va+eTap +¢a +¢Teay;
a—|—§+a_|_—|—£_a_—|—£+§_a_|__ ~0 & a=ay =a-=a4_=0

3. Computation of H(ssusy) by analysis of the ladder equations:

cocycles :

sghw™ =0 = m=0, ®=a() +¢Tar(T)+ & a(T)+ £ aq (1)
dew® +sgrw' =0 = Qia(T) =Q-a(T) =0, Q_ay (T) + Qya(T) =0

'gh=0:
gh=1":
= gh =2
\gh>2:

coboundaries :

w = a = constant
W~ (ET+ictQp)ap (T + (€ —icQ-)a—(T) i}
wr (ETE+icte Qp —iec€tQ —cteQrQ-)ay (1)

w~ 0

gh=1: w0 & ap(T)=Qib(T) A a(T) = Q_b(T)
gh=2: w~0 & CL_|__(T):Q_Z?_|_(T)—|—Q+I)_(T)



Sample solutions

Simple examples:
gh=2: ap (1) =f(p) =
w=ETEf(P) Fi(cTE Y00y — ¢ ETY_(0,0)F (#)
— Ty 0,0)Y-(0,0)/"(#)
wp = —daTda” [P () + 5 (T — i) F(9)]
gh=1: ay.(T) =9y (0,0) a—(T)=—Y_(00) =
w =64 00)— & ¥_(0.0) 3 (cTP(1.0)— ¢ P0.1))

w1 =2 (daToy —dz 0 )p+ - = (dz'dr + dz?01)p + . ..

Wwo = — %daf'_dx_g& = dwldCBQQO*

More complicated example:

at—(T) =21,0)%+(0,0)P(0,1)¥-(00) = |
wp =datda™ (5010040 + P10y ) (PO p — 50_pd )+ ...



Comparision to Lie algebra cohomology (LAC)

Semisimple Lie algebra:

[6;, 851 = fi;"6
BRST-type differential:

0
oC"

siLie = C'6; + 5CICF £
LAC:
sLiew(C,T) =0 & w(C,T) =s1jen(C,T)+ > fT(C)g(T)
T
With s je f'(C) =0 A s jegr(T) =0

i.e., the representatives of the LAC factorize in Cs and T's.

In sharp contrast, the representatives of the SAC do not factorize in this
way because (normally) there are no nontrivial ssysy-invariants g(17")!

However, the s je-invariants f(C) have counterparts in H(ssusy) given by
the representatives of H(sgyp).



Brief summary

SAC is a cornerstone of the local BRST cohomology in any standard
supersymmetric field theory, both for global and local SUSY and
whether or not the algebra of the symmetry transformations closes
off-shell

SAC involves particularly useful variables for local BRST cohomology

» [ he differential

.. _ 6] 0
sgh = —3 MY (T"C™Nap 765
plays a distinguished part and has no counterpart in standard (non-

supersymmetric) Yang-Mills or gravity theories

The representation of the translational generators P, on the T differs
substantially from usual partial or covariant derivatives as it corre-
sponds to a representation of partial or covariant derivatives on-shell
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