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4 Local and trivial symmetries, Noethers theorems

4.1 Definition of infinitesimal local transformations and symmetries

Local symmetries, also called gauge symmetries'®, are generated by transformations (gauge

transformations) containing functions which can depend arbitrarily on the coordinates z# of
the base space. We shall denote such functions by the letter A and infinitesimal gauge trans-
formations by dx¢*,

e’ =R\, R =r'([g],x) +r"([g],2) 0+ ...
= ZTWI'"M(WW) O -+ Opy, - (4.1)
k

This means that gauge transformations may involve A and its derivatives in addition to the
fields, their derivatives and the coordinates of the base space. For later purposes we have
written such transformations in terms of operators R’ which may depend on the fields and
their derivatives and on the base space coordinates. Analogously to our definition of infinite-
simal global symmetry transformations, ¢’ represents the difference <Z~>’(a:) — ¢'(z) linearly
in A, where ¢(z) is a finite gauge transformation taken at the same arguments z# as ¢'(x).
Accordingly, 65 vanishes on all z# and commutes with all d,,

5>\:c“ = 0, [5)\, 8M] = O, (4.2)

and has the jet space representation

i O
(5)\ - (R /\)8¢Z agbiu,

Finite gauge transformations arise from infinitesimal ones according to

+ 0 (R'N) ... (4.3)

#(@) = (exp(02)') (2. (44)

The definition of local symmetries of action functionals is analogous to the definition of global
symmetries.

Definition: 0y is called an infinitesimal local symmetry (gauge symmetry) of an action S[¢| =
[d"z L([¢], z) if
OnL([¢], z) = 0, K" ([9, A], ) (4.5)

for some functions K*([¢, A], x).

4.2 Example: spinor field coupled to electromagnetic field

In sections 3.4.2 and 3.4.3 we have constructed Poincaré invariant actions S[A] and S[¢] for
vector fields A, and spinor fields ¢, respectively. S[A] describes, in particular, free electro-
magnetic fields (A4, are the electromagnetic potentials; the Euler-Lagrange equations deriving
from S[A] are the inhomogeneous Maxwell equations in the vacuum). S[¢] describes a free
spinor spinor field (such as the free electron field; the Euler-Lagrange equations deriving from
S[] are the Dirac equations). Electromagnetic interactions of a spinor field (e.g. electron field)

10YWe shall use the terms local symmetry and gauge symmetry synonymously. The terminology used in the
literature varies, however. Some authors reserve the term gauge symmetry for particular local symmetries of
the Yang-Mills type.
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are described by a gauge invariant action S[A, ] = [ d"x L([A,]) that contains S[A] + S[¢]
and an additional interaction term:
1 o o
L([A¢]) = 2 Fu F* +iygI*Dyp +imapp, (4.6)
Fu = 0,A, —0,A, (electromagnetic field strengths), (4.7)
D, = 0,9 —ieA,yp  (covariant derivatives of ). (4.8)

Here m and e denote the mass and electric charge of the particles associated to 1 (e.g. mass
and electric charge of the electron). The action is invariant under the infinitesimal gauge
transformations

Ay =0\, S =iel, 0\ = —iel, (4.9)

where A(z) is an arbitrary real function (5\) = —ieAtp follows from dytp = ieAtp according to
Sz = (0x)Ty = (1eAy)Ty = —ieMy)). This implies the following gauge transformations of
F,, and D,):

NFuy = 04(60A)) — 0u(0)AL) = 0,0,A — 0,0,A =0 (4.10)
NDup = 0u(0x1)) —ie(dxAu) —ieA,(d\y)
Oy (ieXy) —ie(O A —ieA, (ieAy)
= ie(OuA\)Y +ieXdy) — ie(OuA) Y — ieA, (ieA)
= ieAOy) —ieA,(iedy)
= ieA(Ot) — ieAu 1)) = ieAD, ). (4.11)

Notice that D, transforms in the same way as ¢ simply by multiplication with ieA whereas
Oyt transforms according to 00,1 = ie(OuA\)Y + ieAd,yp. The term ie(9,\)Y drops out in
D, because it is compensated for by the term —ie(dyA, ). Hence, the term —ieA, 1) in D,
arranges for 0\D,,7) not to contain a derivative of A and thus to transform in a simple way. It
is now straightforward to verify the gauge invariance of the Lagrangian:

NFuWEF") =0

Sx(yT HDup) = (0 )F“D;ﬂ/) + %Z)F“(S)\DM/) (—ie)\d_’)lwplﬂl’ + TZJF”(ie}‘DM/J) =0
(YY) = ()1 + P(0xt) = (—ieAd) + Y (iedp) = 0

= OL([A,¢]) =0.

4.3 Comments

e The example in section 4.2 illustrates typical features of many gauge theories. The elec-
tromagnetic potentials A, are examples of so-called ‘gauge fields’. Gauge fields typically
contain in their gauge transformations terms with derivatives of functions A and enable
one to construct covariant derivatives such as D, in the above example. Covariant de-
rivatives of fields extend partial derivatives and have simpler gauge transformations than
the latter; typically these gauge transformations do not contain derivatives of the functions
A as in the above example (cf. (4.11)), or they contain derivatives of these functions only
in a particular way. The electromagnetic field strengths F),, are (rather simple) examples
of ‘field strengths’ or ‘curvature fields’ constructed out of gauge fields. The latter are also
characterized by simple gauge transformations (in the electromagnetic case one even has
Fu =0, cf. (4.10)). Usually they are related to the covariant derivatives because they
occur in the commutators of covariant derivatives, and they often have a geometric mea-
ning or interpretation (a famous example is the Riemann tensor which describes geometric
properties of Riemannian manifolds and plays a central role in general relativity).
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e The requirement of gauge invariance controls and restricts, in particular, the interactions
of fields. These interactions are represented in the Lagrangian by terms of third or higher
order in the fields. E.g., the only interaction terms in (4.6) are ey)I'* A,1) which describe
the coupling of the spinor field to the electromagnetic field. Gauge invariance rules out
many interaction terms that would be permitted by Poincaré symmetry alone, such as
A ARA,AY in the above example.

4.4 Useful mathematical concepts and results
4.4.1 Equivalence of functions and functionals

It is often useful, especially in the context of symmetries, to call two functions f([¢],x) and
9([¢], x) equivalent (with equivalence denoted by ~) if they differ by a total divergence:

folx) ~g(l¢],z) = FE[gl2):  f(¢].z) —g([g], ) = Ok"([0],2).  (4.16)

In particular f([¢],z) ~ 0 means f([¢],z) = 0,k"([¢],z). Functionals [d"z f([¢],z) and
[ d"x g([¢], z) are called equivalent if f([¢],x) ~ g([ |, x).

4.4.2 ‘Variational formula’

Let 6¢ denote any variation or transformation of the fields which is ‘prolongated’ to derivatives
of the fields according to [9,,d] = 0, dz# = 0, and which is a derivation on functions of the
@, Y qS’W, ..., . This means 5qz5fu = 0,09, 5¢qu = 0,0,0¢", ..., and

5 = (6¢Y) 8' + (0,60%) 8, + (0,0,6¢") 0 +. (4.17)
a9t T og, T ag,
S
(see section 2.6 for the definition of 957 ). These § fulfill the ‘variational formula’
§1
0
Vo) 7)) = (56') LUk (1.18)
with ~ as defined in (4.16). (4.18) holds because of
0 0
3 = (00 % + 0,38 5o+
N K o Of
= (66") 5 + 0 (69 557 ) (59") Qg+ -+
0
= (60" 555 + (09 g +--)
4.4.3 Adjoint operator
Let P be an operator defined on functions f = f([¢], z) according to
Vi: Pf= Zp’“"'”kam O f =D+ PO+ (4.19)

k>0
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with some coefficient functions p1-# = pt1-#([$],z). We define an operator PT and call it
the operator adjoint to P according to:

Vi P = (=) 0, - 0u (F P 1) = pf — u(fP*) + ... (4.20)

k>0
This definition implies, with ~ as in (4.16),
Vf.g: f(Pg)=(P'f)g (4.21)
which motivates the notation P, (4.21) holds because of

[ (Pg) = f(pg +p"0ug+...) = fpg +0u(fr'g) — Ou(fP")g+ ...
= (PTf)g+ 0u(fp'g+...) =~ (P f)g.

4.4.4 Algebraic Poincaré lemma

a) A function f([¢],z) has vanishing Euler-Lagrange derivatives w.r.t. all fields ¢* if and only
if f([¢],x) is a total divergence,

o
dot

flgla)=0 Vo' & 3J(¢l,2): f([0],2) = 0uJ"([¢],2). (4.22)

b) Consider a set of functions J#1#*([¢], z) related by the permutation symmetry
Ry L e W N () (4.23)
One has in n dimensions:
O0<k<n: O,JM "t =0 <& JJH-Fer, it =g, JH-Fkt (4.24)
where the functions J#t#k+1 fulfill (4.23) too (with k + 1 in place of k).

c) A function f([¢],x) which is annihilated by all 9, is a constant function (i.e., it does not
depend on the fields, their derivatives or the x* at all):

Ouf(lol,xz) =0 Vu << f(l¢],x) = constant. (4.25)

Comment: These results can be expressed more compactly in terms of differential forms w?
and the exterior derivative operator d defined according to

1
p_ o i Hp+1eeept
wP = dz™ ... dxtey,  p, JP "

pl(n —p)!
d=dxz"0,, dx'dz” =—dx"dz" Vy,v.
Then they read

owm

. -1, _ -1 _ ;
p=n: JJ": J"=d"T & 5¢i_0 Vo'

O<p<n: doP=0 < JuwPl: WP =dwP!
p=0: d’=0 < = constant.

The case p = n is equivalent to (4.22) (with w® = (=)""ld"zf), the cases 0 < p < n are
equivalent to (4.24) for k = n — p (with wP as above and wP™! = (=)" Y ((p — D!(n — p +
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Dh~tdam . datr=te,, ., JPPHn), and the case p = 0 is equivalent to (4.25) (with w® = f).
These results are reminiscent of the so-called Poincaré lemma for ordinary differential forms
(p")~tdztt ... datrwy, ., (x) and are sometimes referred to as the ‘algebraic Poincaré lemma’
(for differential forms on jet spaces). They contain the ordinary Poincaré lemma as a special
case when the differential forms do not depend on the fields at all.'!

4.4.5 Fermionic and bosonic fields, Grassmann parity and grading

In view of quantum theory it is useful to distinguish between ‘bosonic’ and ‘fermionic’ fields
already in classical field theory. Two Fermionic fields anticommmute, two bosonic fields com-
mute, a fermionic field and a bosonic field commute. Examples of fermionic fields are spinor
fields, examples of bosonic fields are scalar and vector fields (where spinor, scalar and vector
refers to the transformation under Lorentz transformations). To describe the commutation
relations we assign a ‘grading’ (‘Grassmann parity’) o(¢°) to each field which is either 0 (for
bosonic fields) or 1 (for fermionic fields),

o(¢") € {0,1}. (4.26)
The grading determines the commutation relations of the fields according to
o'¢) = (=) gg (4.27)
This implies ¢igigh = (=)o@ @gigigh = (=)o(@)o(¢?)(_)o(@)a (") pigh 4

(—)"(‘z’i)("(d’j)*"(‘z’k))d}jqbkgbi, ie., o(¢'¢p¥) = o(¢’) + o(¢*). Extending this to products of ar-
bitrarily many fields, one concludes that the grading is additive (modulo 2) for products of
fields,

a(@"¢ - ¢") = o(¢") +0(¢"?) + - +o(¢")  (mod 2). (4.28)
Consistency requries that, e.g.,
0

! 1 2 8
142y = (_\o(¢")a(9?) 241

This imposes that the derivative w.r.t. a field has the same grading as the field itself:
0 0 o

) =o(¢?), ie, Vf: (¢ f) =60 f 4 (=)7 @@ it 4.29
oG5 = o(0), en Wi Go@N) =0l f4 (TG (429)

The base space coordinates are even graded and so are the derivatives d,,,
o(z") =0o(0,) = 0. (4.30)

Global or local symmetry transformations do not alter the grading, i.e. they are even graded
0(0:) =0, o(dy) =0. (4.31)

This reflects that finite transformations exp(de )¢ or exp(dy)¢ should not alter the grading of
a field ¢.

Furthermore we impose that Lagrangians are bosonic (i.e., each monomial in a Lagrangian
contains an even number of fermionic fields),

o(L([¢], z)) = 0. (4.32)

1YWe have disregarded here possible global obstructions to the existence of differential forms, i.e., in general
the results hold only locally. Proofs of the algebraic Poincaré lemma can be found e.g. in Ref. [3], or in section
4 of G. Barnich et al, Phys. Rept. 338 (2000) 439 [hep-th/0002245] and in references mentioned there.
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4.5 Noether identities and Noethers second theorem

Using the terminology introduced above, Noethers second theorem can be formulated as follows:

5x¢" = R'\ generates a local symmetry of an action S[¢] = [d"x L([#],z) if and only if the
Euler-Lagrange derivatives of L fulfill the identity

(oL
o¢*

where o(¢') denotes the grading of ¢’ (see section 4.4.5).

(=)7@IRITE= =0 (4.33)

Proof:

‘=" We assume that dy is a local symmetry of S = [d"z L, i.e., §5L = 9, K" for all functions
A(z). This implies (4.33) by applying the Euler-Lagrange derivative w.r.t. A to the equation
oL = 0, K*:

L =d,K" = 5‘; (6r2) = 5‘; (0u5") = (—)"W”R”;Lﬁ —0.

Since it might not be evident how the factor (7)‘7(‘751‘) arises, we shall now comment in some
more detail on this derivation. Applying the variational formula (4.18) to 0yL = J,K*, one
obtains (6x¢") & ~ 0 (with equivalence ~ as in (4.16)). This implies

560
i 2 6 A (5 ;
0= (01 5z = ()77 22 3161) = ()75 (036
o 0L o ( it 0L
_ (o) 0L (piny & (L)) (it
= ()75 (RN = () (r M))\. (4.34)

Here we used that J((W) = o(¢') and o (6x¢") = o(¢"), as follows from equations (4.29)(4.32).
Furthermore we used that (o(¢"))? = o(¢*) (this holds owing to o(¢%) € {0,1}) and applied
equation (4.21). The Euler Lagrange derivative of (4.34) w.r.t. A yields (4.33) because of (4.22)
(since A is an arbitrary function, it plays the same role as the fields in (4.22)).

‘<": We multiply (4.33) from the right by A, then use (4.34) reading the latter from the right
to the left, and finally use the variational formula (4.18) to conclude 0y L ~ 0 which shows that
d is a local symmetry of S = [ d"z L.

Example:

Let us consider again the example in section 4.2. In this case it is convenient to choose the set
of fields {¢'} = {A,, ¥, Yo} (for complex fields one may take the real and imaginary parts as
independent fields, or any linearly independent (complex) linear combinations thereof; hence,
in the case of a spinor field one may take the components of 1) and v as a set of fields). Since
spinor fields v are fermionic, the Noether identities (4.33) deriving from (4.9) read

oL oL (iey®) — 57[’ (— je@a) =0. (4.35)

-0
0

K (5A oy
Let us verify this identity explicitly. One has
oL

E = 0, F"! + ey THy) (4.36)
(;LI; = i(0,TH)q — e(YTH) o Ay — imiby (4.37)
oL =1(T )™ + eA, (THY)* + imap® (4.38)

3a
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This gives
oL _
- 3M m = —e@u(@br“w)
~ 2L e0) = @I+ T A, — emiy
(;Z; (— 167/)(1) BLZ_)F“aul[} — ieQAHLZ_)F“@Z) + 617’1,1[}1)[}

where we used 0,0, F"* = 0 (this follows from F*# = —F" and 0,0, = 0,0,) and the fact
that v and 1) are fermionic. (4.35) is now obvious.

4.6 Trivial local symmetries

Example

Consider the transformations

oL
S¢3
where L is a Lagrangian involving at least two different fields (i = 1,..., N with N > 1), and

all the fields are bosonic. The transformations (4.39) generate a local symmetry of S = [ d"zL
according to our definition because of

¢’ = Am’([¢],z) m?'([¢], ) = —m7([¢], x) (4.39)

. OL y 0L 6L
(5 L~ 5 v — =\ Jt
A ()\QS)(SQSl m ([¢] )5¢] 6(;51
where we used the variational formula (4.18), and the last equality (= 0) holds because of
the antisymmetry of m?‘. Notice that this argument applies to every Lagrangian with bosonic
fields and every set of functions m/¢([¢], ) with m’* = —m®¥.

General case
Consider the following transformations

, , , oL
i — _)k FWrevm)i(pa ) ==
056 = 3 (.0, (M 1) (6, X, )y - . Oy, W)’ (4.40)
k,m>0
where
MI@Lvm)iliaie) ([ 3], z) = _(_)cr(dﬂ) (") ppilurpu)i(vr.vm) ([6, A, 2). (4.41)

Transformations (4.40) are not restricted to Lagrangians containing only bosonic fields and
exist even when the Lagrangian contains only one field (see exercise 15). (4.41) implies that
all transformations (4.40) generate gauge symmetries according to our definition,

i OL
. . oL 0L
~ ZMJ(Vl...Vm)l(Ml---Hk)([¢7 A, z) (31/1 .0y w) (3“1 Oy @> =0.

k,m

Since the functions MJWi-vm)ilkitr) are completely arbitrary except for the permutation
properties (4.41), every action has infinitely many local symmetries of this type. For obvious
reasons, these gauge symmetries are called trivial gauge symmetries. Notice in particular that
the gauge transformations of these symmetries vanish weakly (5y¢’ ~ 0 with weak equality ~
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as in section 2.2)'2. Accordingly, the operators R? and R'! of trivial gauge symmetries vanish
weakly too.

A sufficient criterion for a symmetry to be nontrivial is thus that the gauge transformations
or, equivalently, the operators R* do not all vanish weakly.

4.7 Trivial and equivalent global symmetries

In section 4.6 it was shown that every action has infinitely many local symmetries because of
the presence of trivial local symmetries. A local symmetry J, involves an arbitrary function
which we denoted generically by A. Since dy is a symmetry for every choice of A(z), it is
also symmetry when we replace \(z) by some function f([¢],x)e. In this manner ) induces
a global symmetry of the action generated by the transformations 6.¢° = Q([¢], z)e with
Q' = Rif([¢],x), where the R’ are the operators associated with dy (cf. (4.1)). Since f([#], )
is completely arbitrary (except that fe should have the same grading as \) and since every
action has infinitely many local symmetries, every action has infinitely many global symmetries
too.

Global symmetries which arise in this manner from local symmetries are called trivial global
symmetries. Two global symmetries which differ only by a trivial global symmetry are called
equivalent. More precisely, two global symmetries are called equivalent if the respective func-
tions Q([¢],x) differ only by R'f([¢],x) for some function f([¢],x) and a set of operators
R generating a local symmetry (whether or not that local symmetry is trivial). Denoting
this equivalence by ~ and using Noethers second theorem (cf. section 4.5), we summarize this
definition as follows:

oL

Sondl e ALRG QI-QU=RY ()R =

0. (4.42)

4.8 'Trivial and equivalent conservation laws

In section 2.2 we defined a conserved current as a set of functions J¥([¢], x) satisfying
OuJH([¢],x) = 0. If n > 1, 0,J"([¢], x) is trivially fulfilled if J* ~ 0, K" for some functi-
ons K"*([¢],x) with K* = —K"" because 0,J" ~ 0,0, K" = 0 (the latter holds because
of KW = —K"" and 0,0, = 0,0,). This motivates us to call a conserved current trivial if
JH =~ 9,K"", and to call two currents equivalent (J* ~ J*) if they differ only by a trivial
current,

n>1: J¢~JV & FJKW: JF—JM=09,K", K'M=-KM (4.43)
where we omitted the arguments [¢], z of the J’s and K’s for notational convenience.

If n =1, a conserved current is just a conserved function (a constant of motion) and the K*¥
are replaced by constant functions:

n=1: J~J & J-—J =~constant. (4.44)

12Under fairly general assumptions on the Lagrangian one can prove that a gauge symmetry whose gauge
transformations vanish weakly necessarily takes the form (4.40), see e.g. appendix 6.A of G. Barnich et al, Phys.
Rept. 338 (2000) 439 [hep-th/0002245].
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4.9 Noethers first theorem (extended version)

We have already mentioned in sections 1.8 and 2.4 that a bijective correspondence of glo-
bal symmetries and conserved currents (resp. constants of motion, if n = 1) only holds for
equivalence classes of global symmetries and conserved currents. The respective equivalences
are those described in sections 4.7 and 4.8. Armed with these definitions of equivalent global
symmetries and conserved currents, one can prove under fairly general assumptions!3:

The equivalence classes of global symmetries and the equivalence classes of conserved currents
(if n > 1), resp. the equivalence classes of constants of motion (if n = 1) correspond one-to-one.
That is, for each equivalence class of global symmetries there is exactly one equivalence class
of conserved currents (if n > 1), resp. of constants of motion (if n = 1). In particular, trivial
global symmetries correspond to trivial conserved currents (if n > 1), resp. to trivial constants
of motion (if n =1).

We cannot provide here the complete proof of this theorem as this would require additional
mathematical tools and results. However we can prove at least part of it. Namely the theorem
as stated above includes the result that conserved currents arising from gauge symmetries
through A\ = f([¢], z)e (with o(\) = o(f¢e)) are always trivial in the sense of section 4.8. Let
us denote a transformation of this type by dy,

319" = R'f([9), w)e. (4.45)
Since d) is a gauge symmetry (by assumption), we have §¢L = 8NK}L for some K}L Using the
variational formula (4.18), we conclude
oL
Yox
for some J;. Hence, J} is a conserved current (according to (4.46) one has J,,J; = 0). To show
that this current is trivial, we multiply the Noether identity (4.33) from the right by fe,

(670") — = O} (4.46)

i L 0L
_\o(¢) [ pit O _
(=) (R ¢i> fe=0. (4.47)
Applying now (4.21) and using o(\) = o(fe) we obtain
o oL . . 0L , oL . 0L
= (— U(¢ )7 t — v = 4 _— o
0= ()5S R e au(sf (W.) (R'fe) 55 au<sf W) (4.48)

oL
St

where S;“ is an operator which acts on and arises when applying (4.21). Explicitly one has

o/ 0L 0oL 0oL
_\o(®) [ pit 2 (o) pie. _yole) 2 i
() (R (W.)fs () Rife = au(( ) 6¢ir“fz—:+...)

= —8”(ri“fe :5552 +)
—_——
Sy

where r#([¢], ) are the functions occurring in (4.1) and the ellipses denote possible further
terms containing functions r*1-#([¢], z) from (4.1) with k > 1 (such terms are present only
when the gauge transformations d)¢' contain second or higher order derivatives of ). (4.48)
gives

oL o 0L
(06") 55 = 00 (Sf“ W’)' (4.49)

13G. Barnich et al, Commun. Math. Phys. 174 (1995) 57 [hep-th/9405109].
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Equations (4.46) and (4.49) yield

i OL
n_ gip —
0u( T~ 5 5<Z>i> 0. (4.50)
Using now (4.24) for k = 1 we conclude from (4.50)
g~ 5wl g gw gw — _gvw (4.51)
f f 5¢’L - v 9 - :

for some functions K" ([¢], z). This shows that the current in (4.46) indeed is trivial, for any
choice of the function f:

Jh ~ O, K", KM = — K", (4.52)

4.10 Basis and algebra of global symmetries

We call a set {d4} of transformations a basis of the infinitesimal global symmetries of an
action S = [d"z L if every global symmetry transformation d. can be written as a linear
combination ek4§4 of the §4 (with constant coefficients k%) up to a trivial global symmetry
(completeness of the basis), and if no nonvanishing linear combination of the §4 is a trivial
global symmetry (independence of the elements of the basis). Notice that 4 denotes the
symmetry transformations without parameters e4. Using the notation §4¢' = Q% ([¢],z), a
basis 04 can be characterized as follows:

Qe 55 =0 & Qola) ~HQi((eh o) K = constant, (153

EAQL([¢],z) ~0 < KkA=0 VA (4.54)

In (4.54) we used that 6.L = 9,K" with §.¢° = Q' is equivalent to Qig(bLi ~ 0 by the
variational formula (4.18). We note that 464 are bosonic transformations according to (4.31).

Nevertheless §4 can be a fermionic transformation (then e is a fermionic parameter).

The commutator of two global symmetry transformations is again a global symmetry trans-
formation. This follows on the hand from 6.L ~ 0 = 0.6.L ~ 0 (which is an immediate
consequence of [07,,0,] = 0) and on the other hand from the fact the commutator of two
derivations is again a derivation (this follows from the definition of derivations). For a basis d4
this means that the graded commutator of two elements of the basis (commutator or anticom-
mutator, depending on the grading of these elements) is equivalent to a linear combination of
the 04 again,

04,05} ~ fap“dc (4.55)
(64,08} := 6465 — (—)70)70B) 555, (4.56)

where f4p¢ are constant coefficients. According to (4.55), the graded commutators of the d4
form a graded Lie algebra modulo trivial global symmetry transformations.

4.11 Exercises 14 and 15

Exercise 14: Relativistic point particle
The Lagrangian for a relativistic point particle that is invariant under arbitrary (regular)
reparametrizations t — #(t) of the world line x#(¢) is

L([2]) = /& d¥ = /T4y,




F. Brandt — Erginzungen zur klassischen Physik 43

a) Verify that 6y with dyaz# = X&# is a local symmetry of the action S[z] = [ dt L([z]) by
showing that, for an arbitrary function A(t):
d
oL = (AL)
M

b) Determine and verify explicitly the corresponding Noether identity.
. oL . : .
c) Verify that the ‘Noether charge’ J = AL — (02" )W vanishes identically.
by

Attention: Here t is the parameter of the world line z#(¢) and must not be confused with z°.
Exercise 15: A trivial local symmetry
Consider the following 1-dimensional example (n = 1) with only one dynamical variable x:

umngw% Sy = 2N\ i +Ai

Verify that 4y is a local symmetry of S[z| = [dt L([z]) and that it is trivial according to the
terminology introduced above.

Solution of exercise 14 .
a) One has 0 \&" = %()\ ) = X@# + A @#. This gives

Gu(0rdH) | Ep (N4 NEH) Ndudt + Ad,dt

Vive, NezZ> NGz

L
b) Noether identity: ~— = 0.
x

To verify this identity explicitly we first calculate 2 53;“

SL d L d i, iy i,

Son  dtoir | divim, | e, | (@l

e . .M Y
This gives: 6—L M = __ e gk ", T Z,T x7xy,

_ —0.
o NS (G0i,)52 1t Nz AL

i,

z
c)J=AL— ((S)\ZL'M —/\\/:ﬁ“x“ E_ =\ \/iti, — A =0.
\/i'”:ty VIV,

Solution of exercise 15

0y is a local symmetry because of 5 L = m dﬁ ()\:c:c +2 T — AL )
d 6L oL d /. oL d 6L
g Q ) (- &

1 ! DYEE ——alwm |
t is trivial because of Jy x )\dt 5z oL dt\" 5z dt oz



