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3 Poincaré symmetry

3.1 Lorentz transformations
3.1.1 Lorentz transformations of the spacetime coordinates

Lorentz transformations of spacetime coordinates are denoted by
= A*, 2.

Examples in four dimensions with (2%, 2!, 22, 23) = (t, 2,7y, 2):
Boost in z-direction:

ct v =B 0 0 ct
z -6 v 00 x v 1
- | = , = -, = — 3.1
Y 0 0 10 y p o T /1— 32 (3.1)
z 0 0 01 z
Rotation around z-axis:
ct 1 0 0 0 ct
T 0 cosa sina O x
g ] | 0 —sina cosa 0 y (3:2)
z 0 0 0 1 z

The defining property of Lorentz transformations is that they leave invariant the Minkowski
metric n*”:
" = AP LAY o7 (3.3)

We use the ‘mostly plus’ convention for the Minkowski metric (in all dimensions):

-1 0 0
01 ... 0

" = o . (3.4)
0 0 1

Infinitesimal transformations (A = exp(—¢)):
AF, =88 — ety 4+ O(e2)
(83) = "= (3G —"o)(d — o0 + O()
= — el gn® — Vot + 0(52) (3.5)

(3.5) imposes
e + e =0 where &M =t n®

Hence, the parameters €”, of Lorentz transformations are antisymmetric when written with
two upper (or lower) indices,

e =" = e;,=¢y, &;=-¢;. (3.6)

(3.1) is recovered by choosing €#, such that only €°; and &' are different from zero:

cosha —sinha 0 0
9 =clg=a, e, =0 elsewise = A=exp(—e)=]| sglha C(())Sha (1) 8
0 0 0 1
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Comparing this to (3.1) we find that tanha = v/c, i.e. a = artanh(v/c).
(3.2) is recovered by choosing €#, such that only €'y and €21 are different from zero:

0 0

. cosa sina
21 =—ly=a, e, =0 eclsewise = A= exp(—e¢) = sina cosa

0 0

OO O
o o O

In the following we shall use units such that ¢ = 1.

3.1.2 Lorentz transformations of fields

Scalar fields
Let us begin with the simplest case, a real scalar field p(z). It transforms according to
(@) = p(z), @ =A"a" (3.7)

To derive the infinitesimal transformations d.¢p we use A*, = § — e, + O(£?) which gives
Tt = a# — el x¥ 4+ O(g?). The Taylor expansion of B(&) gives to first order in e

p(7) = pla* —e'ya” + O(e?)) = §(x) — 2" Oup(@) + O(?).
Inserting this into (3.7), we obtain for d.¢(x) (i.e., for ¢(x) — ¢(z) linear in €):

dep =€l a0 . (3.8)

Contravariant vector fields
A contravariant vector field A¢(x) transforms according to
A%(F) = A, A% (x), &M =AM, av. (3.9)

We Taylor expand AP(Z) in & as we expanded before a scalar field. Using A%, = §7—e2,+0(g?),
the expansion of A2, A(x) in (3.9) reads

A, A% (2) = A%(x) — 2, A% (x) + O(e?).
This gives the infinitesimal transformations

§.A® = 2V, A® — 22, A°. (3.10)

Covariant vector fields

A covariant vector field A,(z) transforms according to

Ay(E) = Ag(2)(AT1)7 & = A a” (3.11)

where (A™1)", = (exp(€))’p = 6% + €%, 4+ O(e?) is the matrix inverse of A#, = (exp(—¢))¥,.
Proceeding as in the case of the contravariant vector field, we obtain

5.Ay = ",1 Oy Ay + Age®, . (3.12)
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Tensor fields

A tensor field T} )" of type (r, s) carries r upper and s lower indices. Its finite transformations
are

THA (Z) = A1, oo NP7, T20r (:U)(A_l)alyl c(ATHOs,

Vy...Ug Or—01...05

P = Ao (3.13)

N

The corresponding infinitesimal transformations are

V1...Vi—10Vit1...Vs

T s
A o i M1 -efhi—1 Qi1 - o
O = ex? 0, — E Y F A "+ E Tht €%, . (3.14)
i=1 i=1

General fields

In general, fields ¢’ forming a linear representation of the Lorentz group transform according
to
¢'(%) = exp(— 3" Sp)' ¢ (x), B = AM'ya¥, (3.15)

where the S, are contant matrices which represent the Lorentz algebra®:
Suw = =Sups  [Suws Seol = MweSuo = MueSve — Mo Spe + Mo Sue - (3.16)
The corresponding infinitesimal transformations are
5.0" = ety a’ 00" — $ eS¢ (3.17)

Comments: Scalar fields fulfill (3.15) and (3.17) with S,, = 0. The representation matrices
S, of the Lorentz algebra arising from (3.10) are subject of exercise 11b. The representation
matrices arising from (3.12) are obtained analogously but one has to be careful with regard
to indices®. The representation matrices S, arising from (3.14) can be obtained by ordering
the components of T};' ;' in some way (e.g., for n = 2 and (r,s) = (2,0) one may choose
(700, 701 710 T = (g1, ¢2, ¢3, ¢*)). Spinor fields will be discussed next.

Spinor fields

Spinor fields transform under the Lorentz group according to the spin representation of the
Lorentz algebra (3.31). This representation can be constructed by means of a set of matrices
Iyypw=0,...,n—1 For n =2k and n = 2k + 1, these are 2k % 2% matrices with complex
entries which fulfill the Dirac algebra

{FWFV} = 277,uz/1 (3.18)

where { , } denotes the anticommutator ({M, N} := MN + NM), and 1 is the 2% x 2% unit
matrix. More explicitly, (3.18) reads

I'ol'lp=—-1, IiI'; =1 (nosum over ¢ here), p#v: I, I, =-TIT,. (3.19)

In four dimensions, a set of matrices fulfilling (3.18) is

(01 (0 -0
I‘O—l(l 0), FZ_I(O’,‘ 0) (3.20)

"We are using matrix notion. S,,,°; are the entries of the matrix S,. (i and j label the rows and columns,
respectively). S, Sps denotes the matrix product of Sy, and Sye, i-€. (SuwSos)’s = Suv'kSes"j -
6To match (3.12) with (3.17), one has to make the index identifications ¢ =4 and o = j.
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where the 0 and 1 denote the 2 x 2 zero and unit matrix respectively, and o1, 09,03 are the

Pauli matrices
01 0 —i 1 0
o1 = <1 0) , 092 = <i 0) , 03= (0 _1> : (3.21)

A direct consequence of (3.18) is that the matrices
Y =1y, T (3.22)
form a representation of the Lorentz algebra. To verify this we proceed as follows:

[FMF,,, FQ] = I‘MFZ,FQ — FQFNFV
= Fu({rmrg} - F@FV) - ({FQ’ Fu} - FMFQ)FV

= 21,0 — 20T (3.23)

= [Zuw,Tol = 1 [Lulv. Ty = (n < v) .29 Nwol'y = Npel'y (3.24)
= B, Tls] =B, Tol's + Ty[Xu, Tl

O ol ulo — 1ol To + Mool ol — 10T Ty (3.25)

=[S, ool .29 NvoXuo — NMuoXve + Mo Xep = NuoXev - (3.26)

In n = 2k and n = 2k + 1 dimensions the ¥, are 2F % 2% matrices and therefore act on spinor
fields ¢ (z) with 2* components (1), a = 1,...,2*). Lorentz transformations of spinor fields
are generated according to (3.15) and (3.17), with representation matrices S, given by X, .
Using matrix notation, with ¢ a ‘column spinor’ on which ¥, acts, we obtain:

P(T) = exp(—5e"E)Y(2), (3.27)
1z}l
Seth = Mz’ Dup — LS, = | 7. (3.28)

Remarks: The set of matrices {I',} is by no means unique. Indeed, when {I',} is a set
of 28 x 2 matrices fulfilling (3.18), then {MT, M1} also fulfills (3.18) for every invertible
2% x 2% matrix M. Hence, there is a huge freedom to choose I'-matrices. One can show that, in
even dimension n = 2k, the 2% x 2% T-matrices are unique up to equivalence transformations
MT, M ~1. Furthermore, one can always choose a set of unitary I'-matrices. With no loss of
generality we will therefore assume in the following that all the I'-matrices are unitary, i.e.,

Yu: T,T,=1, (3.29)

where FMT = FH*T denotes the complex conjugated and transposed matrix I',,.

3.2 Lorentz algebra

From (3.17) one reads off the infinitesimal Lorentz transformations M, corresponding to e/":

60 = LM Mud', Mu¢' = (2,0, — 2,0,)¢9" —Su' ¢ . (3.30)
~———
orbital part spin part

They generate boosts and spatial rotations (cf. section 3.1.1),

Mo; : boost in z* direction, M;; : rotation in the xt-27 plane,
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and fulfill the Lorentz algrebra (cf. exercise 11a):

[Muua Mga] = nVQM[AO' - anMl/O' - nVaMu,Q + TIWMVQ . (331)
This gives
[Mo;, Moj] = M (3.32)
(Mo, Mji) = 635 Mo, — 03 Moj (3.33)
[Mij, M) = 0uMjp, — 6 My — 85 My, + 055 My (3.34)

According to (3.32), the commutator of two infinitesimal boosts in two different directions is an
infinitesimal rotation in the plane spanned by these directions. Equation (3.33) shows that the
commutator of an infinitesimal boost in 27 direction and an infinitesimal rotation in the 27-z*
plane is an infinitesimal boost in ¥ direction. Equation (3.34) is the commutator algebra of
infinitesimal spatial rotations. In four dimensional spacetime it is the familiar angular momen-
tum algebra of three dimensional space (using Mo = —Lg3 etc., (3.34) becomes [L1, La] = L3
etc.).

3.3 Poincaré transformations and algebra

Poincaré transformations contain spacetime translations in addition to Lorentz transformati-
ons. Spacetime translations of the coordinates are given by z# = a# — e with constant €. The
corresponding transformations of fields are ¢(z# — ") = ¢'(z). Hence infinitesimal Poincaré
transformations of fields read

0" = (" + ey a”) 0 — 5 M S8 (3.35)

Analogously to (3.30) we read off from (3.35) the infinitesimal Poincaré transformations cor-
responding to e and "V, respectively:

5a¢i = (5#PM + %EWMMV)¢i7 Pu¢i = 8u¢iv Muvqﬁi = (x,,@u - xu&/)d’i - Sul/ij(lsj' (3'36)

The commutators of these transformations fulfill the Poincaré¢ algebra (cf. exercise 11a)

[P,ua PV] =0, (337)
[M,uz/a Pg] = 7791/P,u - nQusz , (3.38)
[(Myws Moo] = NyoMpus — NuoMuve — NvoMyup + Nue My, - (3.39)

3.4 Poincaré invariant actions

The method to construct Poincaré invariant actions is to construct Lagrangians L that trans-
form scalarly under infinitesimal Poincaré transformations, i.e.

0L = (e +eya”)0uL = Oy(e" L + e ya” L). (3.40)
The second equality holds owing to 0,(¢#,2") = e, = 0 (one has e, = e"n,,, = 0 because
of eV = —e"M), and ensures that Poincaré transformations generate a symmetry of the action
S=[d=L.

Scalar Lagrangians are constructed by ‘properly contracting’ all Lorentz vector and spinor
indices so that the resultant Lagrangian does not carry free indices of these types. Indices are
‘properly contracted’ in a convenient way by means of (numerically) invariant tensors. These are
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constant tensors that are left invariant by Poincaré transformations, i.e., they have vanishing
d.-transformations (3.35). We know already an invariant tensor, namely the Minkowski metric
n*¥ (recall that, by definition, Lorentz transformations leave n* invariant, cf. (3.3)). Another
invariant tensor is the Levi-Civita tensor e”1#n (also called permutation tensor) which is
totally antisymmetric and defined according to

6O...nfl — 17 B R R L Ry L s A R R B ) VZ,j (Z ?é ]) (341)

Actually, €#1F» is invariant only under Lorentz transformations that are continuously connec-
ted to the identity (so-called proper and orthochronous Lorentz transformations) and these
are the only ones we consider here”. Let us verify explicitly that e#1#n is an invariant tensor
under proper and orthochronous Lorentz transformations (since the components of e#!-#n are
constant they are clearly invariant under spacetime translations). To this end we apply (3.14)

to e#1Fn We obtain .

Soetbn — Z5#196#1...#1_1%“1...%'
i=1
Owing to (3.41), the r.h.s. of the latter equation is totally antisymmetric in p; ... u,. Hence,
it is proportional to e#1*#» (in n dimensions a totally antisymmetric object T~ fulfills
THitn = TO-n=lemitn)  Contracting the expression on the r.h.s. with €u1...un» ONE Obtains
that the proportionality constant is —e#, which vanishes owing to ¥ = —¢"#. Hence,

Settn =, (3.42)

Further important invariant tensors under proper and orthochronous Lorentz transformations
are the T-matrices. Recall that ', is a 2% x 28 matrix (for n = 2k or n = 2k + 1). We
denote its entries by I',%g. The positions of the spinor indices o and 3 indicate how Lorentz
transformations act on these indices: « is treated as the index of the spinor ¢ in (3.28), [ as
the index of a spinor 1 transforming contragrediently to 1 according to 8. = et z" ,ﬂﬁ +
160945, (see section 3.4.3 for how such spinors are constructed)®. The index p of T, is
transformed as a covariant vector index (we use greek letters from the beginning of the alphabet
to denote spinor indices whereas greek letters from the middle or end of the alphabet denote
vector indices). This gives

0:0 %5 = €T %5 — 56 800" T 5 + 569711 8007 .

Returning to matrix notation and suppressing the writing of spinor indices, the r.h.s. of the
latter equation reads €2, ', — 1e97[X,,, I',]. Using (3.24) one easily verifies that this vanishes.
Hence,

65F,uaﬁ =0. (3.43)

Equations (3.42) and (3.43) are to be interpreted with care because e#'~#» and I',*g are
constants (pure numbers) and constants are not transformed when inspecting symmetries of
the type we are interested in (e.g., in L = 2¢* we do not transform %'). What equations
(3.42) and (3.43) actually mean is that the constancy of these objects is compatible with
Poincaré transformations. That is, when discussing Poincaré symmetry we are allowed to treat
these particular objects (and, more generally, all Poincaré invariant tensors) as fields which

transform according to their indices, in spite of the fact that they are not fields because it makes

"In addition there are Lorentz transformations that contain the space inversion P : ¢ — t,2° — —z* or the
time reversal T : t +— —t, 2" +— z' (or both P and T). ¢"1-*#" is not invariant under 7, under P only if n is
odd, and under PT only if n is even. Any Lorentz transformation is either proper and orthochronous, or it is
the product of a proper and orthochronous Lorentz transformation with P, T' or PT'.

80ur conventions are such that I',, acts on ¢ from the left according to (I',))* = T',*59” which shows that
the a-index of I',“g is to be treated like the indices of ¢ while the (-indices are contracted with the indices of
1 and should therefore be treated as the indices of .
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no difference whether or not they are transformed. Viewing them as transforming objects is
particularly convenient for the construction of invariant actions because one can immediately
read off the transformation properties of functions composed of fields and invariant tensors
from the index structure.

3.4.1 Free scalar field

The infinitesimal Poincaré transformations of a scalar field have been given in (3.8). The
transformation of the spacetime derivatives of a scalar field are obtained by applying 9, to
(3.8):

0c0up = 0,(0cp) = 0u(€%,2" 0pp) = 2,27 0,0, + €200 . (3.44)
This shows that J,¢ is a covariant vector field (cf. (3.12)). As a consequence, the product
Oup0yp is a (0,2)-tensor field, i.e., it transforms according to (3.14) with (r,s) = (0, 2). Hence,
contraction of 9,0, ¢ with n** results in a scalar quantity and the following Lagrangian trans-
forms scalarly under Poincaré transformations (the reader is invited to check this explicitly):

1 m2

L(g]) = =5 eaupan™ = = ¢ (3.45)

The corresponding Poincaré invariant action is S| = [ d"z L([¢]).

3.4.2 Free vector (gauge) field

The infinitesimal Poincaré transformations of a covariant vector field have been given in (3.12).
Analogously to (3.44) one verifies that the following so-called field strength tensors F),, and
Frv of A, are tensor fields of type (0,2) and (2,0), respectively:

Fu = 0,4, — 0,4, , F™ =l F,, . (3.46)

An appropriate Lagrangian for A, which transforms scalarly under Poincaré transformations
is

1 v
L([A]) = = Fu P, (3.47)
The corresponding Poincaré invariant action is S[y] = [d"x L([A]). This action is gauge

invariant, as we shall discuss later.

3.4.3 Free spinor field

To construct Poincaré invariant actions for a spinor field ¢ transforming according to (3.28)
one uses that the spinor field

Y=y, gf = (01, 9*,..) (3.48)
transforms ‘contragrediently’ to ¢ under Poincaré transformations, i.e., according to
6eth = e%,27 0, + 1e97Y% s . (3.49)

The notation ! = (¢¥1*,4?*,...) in (3.48) indicates that ¢T in (3.48) is viewed as a ‘row
spinor’ (in contrast to the ‘column spinor’ ¢ in (3.28)) whose components are the complex
conjugated components of 1. Accordingly, 1 = (!,4?,...) in (3.49) is viewed as a row spinor
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too. The derivation of (3.49) is the subject of exercise 12. Here we only note that it follows
from

VYu: T, =TTy, (3.50)

which itself is a consequence of the Dirac algebra (3.18) with Minkowski metric as in (3.4) and
the unitarity of the I'-matrices (3.29) that we have assumed with no loss of generality®.

By means of ¢ one constructs the following Lagrangian:

L([]) = igTH4p 4 imapy, (3.51)

where i is the imaginary unit and m is a real mass parameter. Using (3.28), (3.49) and (3.24)
it is straightforward to verify that L([¢)]) transforms scalarly under Poincaré transformations
(alternatively, one can conclude this using that the [-matrices are Poincaré¢ invariant tensors).
Hence, S[t)] = [ d™x L([¢]) is a Poincaré invariant action.

The factors i in (3.51) ensure that the Lagrangian is real up to a total divergence. To show
this we compute the complex conjugates of ¥ and yI'*y

() = ()T = (@TToy)T = P ToTyTT = ¢T (=T = —¢p, (3.52)
(W) = (PTTTHep )T = I THT Tyl T = 1 (T Do) (—To)e
= (0, "I ep = 9, (Y ToI* 1) — Y T T, 1p = 9, (YTHe) — YTHep,, . (3.53)

(3.52) shows that ¢ is purely imaginary. Hence, im) is real. According to (3.53), YI'*¢ , is
purely imaginary up to the (real) total divergence 8,,(¢¥T*1)). Hence, i)T*4) , is real up to the
total divergence 0,,(9’T#9)). A truly real Lagrangian is obtained by using %&F‘%,# — %1/_17#1”%
in place of iyI'* ;.

Remark: Whether or not there is factor i in front of the ‘mass term’ ma in (3.51) depends
on the conventions. Indeed, choosing a Minkowski metric with signature (+ — ---—) in place
of (—+---4), equations (3.48)—(3.50) still hold for unitary I'-matrices, but in place of (3.52)
one obtains ()1)* = 1) because one has I'yf = I'y™! = Ty rather than Ty = Ty~ = —Ty
(because the Dirac algebra gives in this case I'g\T'g = 1).

3.5 Comnserved currents and tensors

Using equation (2.6) it is straightforward to determine the conserved currents which correspond
to Poincaré symmetries when the Lagrangian transforms scalarly as in (3.40) and depends only
on the fields and their first order derivatives (for Lagrangians depending also on higher order
derivatives equation (2.6) gets replaced by a more complicated expression). Equation (3.40)
gives 0. L = 0, K" with Kt = e*L 4 ¢/,2” L. Using this in equation (2.6), we obtain the
conserved currents

i« OL
Jt =elL 4 ety L — (6:0") 0 — . (3.54)
0%,
Using now equation (3.35) in equation (3.54), the latter becomes
A . 9L
JH=elL4e'on L — (V9" + %79, — 5975, i) 8(11 . (3.55)
S

These currents are conserved for every choice of e and £27. To extract the conserved quantities
corresponding to e and €27 respectively, we pick in (3.55) the terms involving e and €27:

JH = —e"T, M 4 L% ] . F, (3.56)

%In the general case, without referring to a particular signature of the Minkowski metric or assuming unitarity
of the T-matrices, one has ¢ = 1) A where A relates the matrices T', to ;" or —T'," according to T',f = AT, A™!
or —I',T = AT, A", (3.50) represents the case —T',T = AT, A™! with A = Tg.



F. Brandt — Erginzungen zur klassischen Physik 31

oL

TH = ¢ — SML 3.57
¢ I/aqsl v ? ( )

i i oL

Jgou — (65550 — 5gl'g)L - (:UG'¢7Q - xg(b,a QU J¢ ) ¢
71"/
L

= QTQT — I'O-T + SQO’ ]¢] 8(151 (358)

Since the current J* is conserved for every choice of ¢ and €9, T,* and J,:* provide a
conserved current for every choice of indices v and [po]:

Vv: 0,1,/ =0, Vigo]: 0,Je" = 0. (3.59)

T,# is called the energy-momentum tensor.

3.6 Exercises 11-13
Exercise 11: Poincaré algebra
a) The infinitesimal Poincaré transformations of a scalar field ¢ read
oep = (" Py + 58" My, Pup = 0up, Mup = (2,0, — ,0,)p.
Verify that

(M, Pole = (ov B — nou ) e,
[M/u/v M ]90 = (anMua - WQMW - T]VO'MMQ + nuUMyg)SO~
b) The infinitesimal Lorentz transformations of a contravariant vector field V* read
0Vl =elya0, Ve —e% V.

Determine the corresponding spin matrices S, with entries S},,¢, by rewriting —e2,V“ in the

form —%a‘“’SWQUV" (mind that S, L —Syu). Verify that the matrices S, fulfill equation
(3.16) and write explicitly the matrices Sp; and Spo in four dimensions.

Exercise 12: Dirac adjoint spinor field

Assume that {T'g,...,I',_1} is a unitary representation of the Dirac algebra, i.e., I‘“T =T, !
for all p, and {I'y, I} = 2m,,1, with Minkowski metric as in (3.4). Furthermore let M},
denote the spin part of M, (lel,gbi = —S,,%¢7). Show that this implies (with ¢ = »iTy,
E,uy = %[F#,sz], Mﬁﬂﬂ = _Zuuw):

a) Vp: Tl o =T,1

b) ¥ ;w =T'0X, o (hint: use the result of a)

¢) My, = —iTo%,, Ty (hint: use Mj,4* = (Mg,)* and the result of b)
d) M l,w =¥, (hint: use the result of c)

Exercise 13: Energy-momentum tensor for a scalar field
Determine the energy-momentum tensor (3.57) for the Lagrangian (3.45) and show 7% > 0.

Solution of exercise 11
a) The general rules [0.,0,] = 0 and d.a* = 0 imply [My,,0,] = 0, [Py,0,] =0, M,,x¢ =0
and P,z” = 0. Furthermore one has 9,2, = 9,,(1,02?) = Myx05 = My This gives:

(M, Polp = M0 — Pp(x,0y — 2,0,) ¢
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= 0,M,p — (2,0, — 2,0,) Py
= 0p(2,0), — 2,0,) — (2,0 — 2,0,) 0
= (MoOu — Mue0u) e = MuoPu — NuoP)p
(M, Mool = My (200, — 2005)p — (1t — 0,V < 0)
= (250p — 05 ) My — (1t = 0,V < 0)
= (260p = 2000 )(210y — xu0y)p — (1t = 0,V < 0)
= No(To0y — 1,05) 0 + - = NyeMuop + . ..

b) One has

—e% V7 = —e¥n,, V7 = _5HV5577V0VU = _%5#V(5577V0 - 5577110)‘/0
= S;u/ga = 55"71/0 - 5577u0

Notice: viewing V7 as a column vector, the index ¢ of 5,,¢; is a row index of S, and o is a
column index. Hence, the matrix product S,,S,s reads

(SuvSeo) s = S’ pSe0’r = (5p1wp — Opug) (65 Mer — 0Mer)
= 53 Nuglor — SpMugNor — OpTlvallor + OpTluanor
= [S/M/SQU])\T = (SIWSQU)/\T —(p = o, v = 0)
= O\ MugTlor — OpTlguMyur + - - -
= 771/9(527707 - 5&\77#7) + = 771/98#0)\7 +...
= (MeSuo — MueSve — Mo Sue + Mo Sve) +

For Sp1 we obtain Sp12; = 0§10 — 6710, which shows that the only nonvanishing entries of So;
are Sp1%1 = 1 and Sp1'o = 1. Analogously one determines Sps. In four dimensions this gives

0100 0 0 00
1000 0 0 10
Sot="1q 00 0| “2=|o0 -1 0 0
000 0 0 0 00

Solution of exercise 12

a) For y = 0 we have TyI'\Ty = —I'y = I'y! owing to ['\I\y = —1 («< Dirac algebra) and
—Ty = Ty~ = Iy (« Dirac algebra and unitarity of I'g). For p = i we have I'\T;I'y =
Iy =T, =0, =1t (< Dirac algebra and unitarity of T';).

b) 8t = LTI = (o v) = 20T — (u = v) = 2T Tl To) — (k< v) =
1(=ToI I Lo) — (1 < v) = 1[0y, TW]To = [oX,Lo.

C) ijwT = Mﬁu¢*T = (M[juw*)T = (Miu¢)*T = (_E,uuw)T = _¢TE#VT = _wTFOEuVFO-
d) Mj, ¢ = M3, (¢To) = (M, = —¢TTE,, Lol = ¢TTE,, = X,

Solution of exercise 13

oL 1 m?

o, " = =0 = LM = —0,p0"0 +6,(50,00% + T‘PQ)
7/“[/

2 2

1 1 : m 1 1 m
= T’ = —530803080 +50ipd'p + 7902 = 5(50%0)2 t3 > (Gp)* + 7902 > 0.
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