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Introduction

Weyl-Moyal product:

f1 ? f2 = f1 exp(
←
∂µ

i
2 g θµν →

∂ ν) f2, θµν = −θνµ = constant

Action:

Î[Â] = −1
4

∫

dnxTr (F̂µν ? F̂µν), F̂µν = ∂µÂν − ∂νÂµ + [Âµ ?, Âν]

Gauge transformations:

δ̂λ̂Âµ = ∂µλ̂ + [Âµ ?, λ̂] ≡ D̂µλ̂

SW maps:

Âµ = Âµ(A, g) = Aµ + O(g), λ̂ = λ̂(λ, A, g) = λ + O(g)

with Aµ and λ Lie algebra valued, such that

δλAµ = ∂µλ + [Aµ, λ] ≡ Dµλ ⇒ δλÂµ(A, g) = (δ̂λ̂Âµ)(A, λ, g)



Consistent deformations

Consider an action I(0)[ϕ] with gauge invariance δ
(0)
λ , i.e. δ

(0)
λ I(0)[ϕ] = 0.

Consistent deformations of I(0)[ϕ], δ
(0)
λ :

I[ϕ, g] = I(0)[ϕ] +
∑

k≥1

gkI(k)[ϕ], δλ = δ
(0)
λ +

∑

k≥1

gkδ
(k)
λ , δλI[ϕ, g] = 0

Equivalent deformations: related by field redefinitions ϕ̂(ϕ, g), λ̂(λ, ϕ, g):

Î[ϕ̂(ϕ, g), g] = I[ϕ, g], (δ̂λ̂ϕ̂)(ϕ, λ, g) ≈ δλϕ̂(ϕ, g)

Trivial deformations: I ∼ I(0) and δ ∼ δ(0)

Two types of nontrivial deformations:

Type I: I 6∼ I(0), δ ∼ δ(0)

Type II: I 6∼ I(0), δ 6∼ δ(0)

SW map: NC YM theories are type I deformations of YM theories



Result on deformations of YM theories [G. Barnich, FB, M. Henneaux 1994, 2000]

Pure YM theories (including eff. theories):

I Semisimple gauge group:

only consistent deformations of type I, i.e.:

no nontrivial deformations of gauge transformations at all!

I Gauge group with abelian factors, esp. free theories (1st order result):

I(1) ∼ I
(1)
inv +

∫

dnx ( k∆
i Ai

µ j
µ
∆

︸ ︷︷ ︸

Noether type

− 1
2fijkFµνiAj

µAk
ν

︸ ︷︷ ︸

YM type

)

+

∫

dnx kijk[−
1
2FµνiAj

µAk
ν + 2

n−4 xµ(F i
µρF

νρj − 1
4 δν

µF i
ρσF ρσj)Ak

ν]
︸ ︷︷ ︸

peculiar type (n6=4)

where

I
(1)
inv :

∫
G-inv. polynomials in F, DF, . . . plus Chern-Simons terms in odd dims.

Ai
µ : abelian gauge fields

j
µ
∆ : gauge invariant conserved currents of the undeformed theory

k∆
i , fijk, kijk : constants with fijk = f[ijk], kijk = −kikj = kjik



Corresponding first order deformations of the gauge transformations:

δ
(1)
λ Aa

µ ∼ k∆
i λiGa

∆µ if Aa
µ nonabelian

δ
(1)
λ Ai

µ ∼ k∆
j λjGi

∆µ
︸ ︷︷ ︸

Noether type

+ fijkAj
µλk

︸ ︷︷ ︸

YM type

+ kijk(A
j
µ + 2

n−4 xνF j
νµ)λ

k

︸ ︷︷ ︸

peculiar type (n6=4)

where Ga
∆µ is the (infinitesimal) transformation of Aa

µ under the global

symmetry of I(0) that corresponds to j
µ
∆:

Ga
∆µ

δI(0)

δAa
µ

= ∂µj
µ
∆

I Deformed gauge transformations do not involve derivatives of λi

⇒ existence of SW map for U(N) NC YM theories



BRST-cohomological approach to consistent deformations and SW maps

Field-antifield formalism:

Fields: {φ} = {ϕ, C}
paired
←→ antifields: {φ∗}= {ϕ∗, C∗}

Antibracket: (F, G) =

∫

dnx F

(←
δ

δφ

→
δ

δφ∗
−

←
δ

δφ∗

→
δ

δφ

)

G

Master action: S[φ, φ∗] = I[ϕ]
︸ ︷︷ ︸

ordinary
action

+

∫

dnx ϕ∗δCϕ
︸ ︷︷ ︸

gauge
transformations

+ . . .
︸︷︷︸
gauge
algebra

such that (S, S) = 0
︸ ︷︷ ︸

master
equation

BRST differential (coboundary operator): s = (S, · ) (⇒ s2 = 0)

Consistent deformations: S = S(0) +
∑

k≥1

gkS(k)



Consistent deformations and local BRST-cohomology:

Master equation: (S, S) = 0

∂
∂g
⇒

(

S,
∂S

∂g

)

= 0 ⇔ s
∂S

∂g
= 0

Field redefinitions −→ anticanonical transformations φ̂(φ, φ∗, g), φ̂∗(φ, φ∗, g):

dφ̂

dg
= (Ξ, φ̂),

dφ̂∗

dg
= (Ξ, φ̂∗) ⇒

d

dg
S(φ̂, φ̂∗, g) =

∂S

∂g
− (S,Ξ) =

∂S

∂g
− sΞ

Equivalent deformations: S ∼ S′ ⇒
∂S

∂g
−

∂S′

∂g
= sΞ

Hence: consistent deformations are determined by the cohomology H(s)



BRST-cohomological description of SW maps:

{φ̂}= {Âµ, Ĉ}, {φ} = {Aµ, C}

Master action for NC gauge theories:

S[φ̂, φ̂∗, g] =

∫

dnx

[

− 1
4 Tr (F̂µν ? F̂µν) + Â∗µ ? D̂µĈ + Ĉ∗ ? (Ĉ ? Ĉ)

]

SW map:

S[φ̂(φ, φ∗, g), φ̂∗(φ, φ∗, g), g] = Ieff[A, g]
︸ ︷︷ ︸

noantifields

+

∫

dnx

[

A∗µDµC + C∗CC
︸ ︷︷ ︸

no dependence on g

]

d
dg
⇒

∂S

∂g
− sΞ =

∂Ieff[A, g]

∂g
(antifield dependence of

∂S

∂g
is trivial)

dφ̂

dg
= (Ξ, φ̂),

dφ̂∗

dg
= (Ξ, φ̂∗) (diff. eqs. for SW map)

Remark: for gauge group with Lie algebra g 6= u(N), this applies to fields

valued in enveloping algebra of g. Fields and antifields A, C, A∗, C∗ that do not

belong to g are set to zero in the end.



Hence: SW map ⇔
∂S

∂g
= sΞ + terms without antifields

︸ ︷︷ ︸

dIeff/dg

Existence, explicit construction and ambiguities of SW maps:

∂S

∂g
=

iθαβ

2

∫

dnxTr (−F̂µν ? ∂αÂµ ? ∂βÂν + Â∗µ ? {∂αÂµ ?, ∂βĈ}+ Ĉ∗ ? ∂αĈ ? ∂βĈ)

Existence: ⇐ terms with antifields depend on Ĉ only via derivatives

Explicit construction: determination of Ξ (contracting homotopy)

Result: Ξ = i
4 θαβ ∫

dnxTr (−Â∗µ{F̂αµ + ∂αÂµ ?, Âβ}+ Ĉ∗{Âα ?, ∂βĈ})

dÂµ

dg
= (Ξ, Âµ) = i

4 θαβ{F̂αµ + ∂αÂµ ?, Âβ},
∂Ĉ

∂g
= (Ξ, Ĉ) = − i

4 θαβ{Âα ?, ∂βĈ}

dIeff[Â(A, g), g]

dg
= iθαβ

∫

dnxTr (1
8F̂αβ ? F̂µν ? F̂µν− 1

2F̂αµ ? F̂βν ? F̂µν)

Ambiguities: determined by 0 = s (∆Ξ) + terms without antifields
︸ ︷︷ ︸

d(∆Ieff)/dg



Resultant ambiguities of SW map:

Âµ(A, g) =

[

Λ−1 ? Âsp
µ ? Λ + Λ−1 ? ∂µ Λ

]

Aµ→A′µ(A,g)

λ̂(λ, A, g) =

[

Λ−1 ? λ̂sp ? Λ + Λ−1 ? δλΛ

]

Aµ→A′µ(A,g)

where

Λ(A, g) = exp?(f
B(A, g)TB) with arbitrary fB(A, g)

Âsp
µ (A, g), λ̂sp(λ, A, g) particular SW map

A′Bµ (A, g) = [Aµ + Wµ(A, g)]CRB
C(g)

δλWµ(A, g) = [Wµ(A, g), λ] (i.e., gauge covariant)

TB → RC
B(g)TC (outer) Lie algebra automorphism

Hence, SW map is determined only up to (compositions of)

I noncommutative gauge transformations of Âµ

I gauge covariant shifts of enveloping algebra valued Aµ

I (outer) automorphisms of Lie(enveloping algebra)



Gauge anomalies

Chiral gauge anomalies in NC gauge theories (n = 4, 1-loop):

A[Ĉ, Â, g] =

∫

Tr[Ĉ ? d(Â ? dÂ + 1
2Â ? Â ? Â)]

Puzzle: vanishing of A seems to impose

Tr(TaTbTc) = 0 rather than Tr(T(aTbTc)) = 0

On the other hand:

SW map ⇒ candidate anomalies are known: same as in (effective) YM theories

[G. Barnich, FB, M. Henneaux ’94]:

I.
∫

Tr[Cd(AdA + 1
2A3)]

II.
∫

d4x C Iinv(F,matter) (C abelian)

III.
∫

d4x (C A′µ − C ′Aµ
︸ ︷︷ ︸

abelian

) j
µ
inv

︸︷︷︸

conserved
current

+ terms with antifields

⇒ A = linear combination of type I.-III. + s (. . . )

Do candidate anomalies of type II or III occur in A?



Result:
dA

dg
= sB? with B? an integrated star-polynomial (!):

B? =
iθαβ

2

∫

Tr (Âα ? ∂βdÂ ? dÂ− 1
2 dÂα ? Âβ ? dÂ ? Â + 3

2 dÂ ? dÂα ? Â ? Âβ

−1
2 dÂα ? Âβ ? Â ? dÂ + ∂αÂβ ? dÂ ? Â ? Â + terms with 5 or 6 Â’s)

This implies

A =
∫

Tr[Cd(AdA + 1
2A3)] + sB[A, g], B[A, g] =

∫ g

0
dg′ B?[Â(A, g′), g′]

I A is cohomologically equivalent to standard Bardeen anomaly

I No additional anomalies or anomaly cancellation conditions (at 1-loop)

I B is the counterterm that kills the θ-dependent would-be anomalies in A

I B is determined only up to BRST-invariant contributions

I B is not an integrated star-polynomial (in contrast to B?)

I SW map is essential also for anomaly issue!



Conclusions

I Existence of SW map reflects stability of YM gauge transformations under

consistent deformations

I Systematic construction of SW map by BRST cohomological tools

I Ambiguities of SW map: gauge transformations, gauge covariant shifts of

Aµ and Lie algebra automorphisms in enveloping algebra

I SW maps for x-dependent θ can be analysed by the same tools

I No gauge anomalies or anomaly cancellation conditions in addition to those

of commutative models (only well-known chiral anomalies)

I SW map essential for anomalies

I Counterterm B that removes θ-dependence of anomalies is constructible

in terms of Âµ ⇒ works for every choice of SW map


